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Abstract. The research of surface defects, such as delaminations in elements of thin-walled aircraft structures 

made of composite materials, is a topical problem. The paper considers an analytical solution to the problem of 

the overcritical behaviour of thin delaminations close to one of the surfaces in composite panels with surface 

curvature. The objects of research in this case can be nose parts of composite mechanization units, as well as 

semicircular specimens that allow laboratory research of these types of defects. Studies on laboratory cylindrical 

specimens with defects make it possible to determine the allowable dimensions of the defects, as well as the 

maximum allowable level of loading at which it is impossible for the defects to propagate. In accordance with 

modern aviation regulations, it is not allowed for defects to propagate (stagger) even under the calculated level of 

loading. The presented initial relations of the geometrically nonlinear problem consider the possible asymmetric 

structure of the delamination along the thickness as well as the small curvature of the studied panels. The type of 

deflection in this case of the delamination corresponds to a rigid support. When solving the problem by the 

Bubnov-Galerkin method, the stress function and expressions for the corresponding membrane stresses under 

possible overcritical behaviour of the stratification are obtained. A nonlinear expression linking the deflection 

amplitude and the compressive force is also written. When considering a linear problem, an analytical expression 

for compressive critical stresses is obtained. In the general case, the obtained expressions consider the arrangement 

of composite layers along the thickness, as well as the asymmetric structure of the delamination. Examples of 

determination of critical forces for panels with asymmetric structure are given.  

Keywords: post-buckling state, composite material, asymmetric structure, cylindrical panel, delamination, 

compression. 

Introduction 

When designing elements of modern aircraft structures made of composite materials (CM), it is 

necessary to consider the possible presence of defects at all stages of the life cycle of the aircraft [1; 2]. 

When investigating defects in the elements of low- and medium-capacity aircraft structures, it is 

necessary to consider the possibility of the appearance of delaminations with different structures, 

including asymmetrical stacking. In this paper we consider the geometrically nonlinear behaviour of 

thin surface defects of the delamination type, considering the possible curvature of the supporting panels 

of the structure and the asymmetry of the structure.  

In papers [3-4] the results of experimental studies of circumferential and semicircular thin-walled 

specimens made of CM are given. Principle scheme of tests [3-4] and calculated loading scheme for 

analytical estimation of post-buckling delamination behaviour in cylindrical panels are shown in Fig.1. 

In this paper we consider a geometrically nonlinear problem for a compressed thin layering considering 

the asymmetry of the structure. We will use the hypotheses of the theory of composite structures by 

V.V. Vasiliev [5], considering nonlinear geometric relations. Let us assume that the form of the splitting 

is close to square and that during compression one half-wave in the longitudinal and transverse 

directions is possible. The most correct boundary conditions correspond to rigid embedding.  

Note that the results of the considered problem of studying the post-buckling behaviour of 

cylindrical composite panels can also be used for studies of the stress-strain state and verification 

calculations of thin composite shells of nose parts of light aircraft mechanization assemblies. In addition, 

analytical solutions to the stability and load-carrying capacity problems can be used to design cylindrical 

panels according to the post-buckling state. The methodology for the design of load-bearing composite 

panels is described in [6]. The computational and experimental results of studies considering the 

peculiarities of fracture mechanics and post-buckling behaviour of composite panels are also given in 

[7-10]. 
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Basic relationships and problem statement 

The initial relations for the considered problem are given in the monograph [5]. Let us write down 

the condition of joint deformations with consideration of geometrical nonlinearity and possible 

asymmetry of the structure in the form [5; 11] 
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Fig.1. Load diagram of a half-ring specimen: a – with delamination [3; 4];  

b – cylindrical panel (inverted view) 

When considering the problems of stability and load-bearing capacity of cylindrical panels with an 

all-round rigid anchoring, let us represent the deflection (assuming that the positive direction of the 

deflection axis corresponds to the opposite direction of the Z axis) in the following form  

 
b
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fW 22 sinsin= , (3) 

where   = /a;  

  = /b – waveform parameters. 

Geometrically nonlinear Karman-type equations are written in the form [5; 11] 

 L4(W ) – L3(F,W) – L6(F) = 0,   (4)  

where   
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The generalized stiffnesses of the laminated panel according to [5] are calculated by the relations 
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In addition, this paper retains the designations of the monograph [5] 
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Membrane stresses of the panel that has lost stability are calculated using the definition of the stress 

function  
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Applied calculation methods 

To obtain an analytical solution of the geometrically nonlinear problem, we will use the Bubnov-

Galerkin method. 

After substituting the deflection (3) into the equality for L2 we can obtain the equation, the solution 

of which is a stress function 

 +




++=
b

y

a

x
A

b

y
A

a

x
AfF

 2
cos

2
cos

2
cos

2
cos 030201

2   

 +




++++
b

y
A

a

x
A

b

y

a

x
A

b

y

a

x
A

 4
cos

4
cos

2
cos

4
cos

4
cos

2
cos 07060504

 

  +  








++
b

y

a

x
t

b

y
t

a

x
tf

 2
cos

2
cos

2
cos

2
cos 131211

 + 
2

2yN x  + 
2

2хN у , (7) 



ENGINEERING FOR RURAL DEVELOPMENT Jelgava, 26.-28.05.2021. 

 

1136 

where  

ycb

a
A

2

2

01
32

= , 

хca

b
A

2

2

02
32

= , 

( )



















+−+








−=

2203

216

1

b

a
ccc

a

b
c

A

xxyy

, 

 

( )



















+−+








=

2204

241632

1

b

a
ccc

a

b
c

A

xxyy

, 

( )



















+−+








=

2205

162432

1

b

a
ccc

a

b
c

A

xxyy

, 

 
2

06
512

1








−=

b

a

c
A

y

, 
2

07
512

1








−=

a

b

c
A

x

, 

yy

yx

c

a

Rc

B
t

11

4

2

11 







−−=


, 

x

xy

c

B
t

4
12 −=  

 ( )
( )( )

( )





















+








−+








+

+−+

++++
=

2

2

224224

2244

13

216

11

24

2

b

a
c

b
cc

a
c

Racbaccbc

baCBBaBbB
t

xxyy

xxyy

yxxyyx



. 

From the stress function (7) we obtain the normal stresses in the median surface, which has lost 

stability of the panel, under the action of the transverse force by the formulas  

 






−







−








−=

b

y

a

x
А

b

y

b

y
А

b

yf
x






2
cos

2
cos

22
cos

2
03

2

02

22

 

 +












−








−








−

b

y
А

b

y

b

y

a

x
А

b

y

b

y

a

x
А

b

y  4
cos

42
cos

4
cos

24
cos

2
cos

4
07

2

05

2

04

2

 

  +  




















−








−

b

y

a

x
А

b

y

b

y
А

b

yf 



2
cos

2
cos

22
cos

2
13

2

12

2

, (8) 

 

−














−








−=

b

y

a

x
А

aa

x
А

a

f
y






2
cos

2
cos

22
cos

2
03

2

01

22

 

 

+














−








−








−

a

x
А

ab

y

a

x
А

ab

y

a

x
А

a

 4
cos

42
cos

4
cos

44
cos

2
cos

2
06

2

05

2

04

2

 

  +  




















−








−

b

y

a

x
А

aa

x
А

a

f 



2
cos

2
cos

22
cos

2
13

2

11

2

 + 


yN
. 

As a result of solving the geometrically nonlinear problem by the Bubnov-Galerkin method using 

equality (7) and deflection (3), after cumbersome transformations, the following expression concerning 

the transverse compressive force can be obtained Ny  

 +











++++=

2

2

2

2

4

22 4

3

4
4

4

b

πD

a

π
)DDD(

a

bπD
N

y

yxxy
x

у
 

 ( ) ( ) −−−++−++−++ 070605040302011312112

2

5.05.022
3

4
АААААААfААА

а

f
  

 ( ) ( ) 111301034

22

22
3

16
ААfАА

a

bСxy
−+−−


 ( ) ( ) 121302032

2

22
3

16
ААfАА

b

Сyx
−+−−


– 

 ( ) 03132

2

2
3

16
fААCСС

а
yx +−+−


( ) ( ) 111301033

32

22
4

ААfАА
Ra

b
−+−+


 (9) 



ENGINEERING FOR RURAL DEVELOPMENT Jelgava, 26.-28.05.2021. 

 

1137 

To determine the critical forces of the composite panel of asymmetric structure at f→0 we have  
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The obtained equality shows the influence of the radius R on the critical force for the cylindrical 

panel, at which the considered delamination of an asymmetric structure loses its stability. 

Applied research 

Let us consider as an example the results (Table 1) of calculation of critical transverse forces Ny 

calculated by formula (10) for delaminations with thickness δ = 0.5 mm, geometrical dimensions 

a*b = 20*20 mm without considering the curvature and material characteristics corresponding to carbon 

fiber-reinforced plastic of KMU-4 type.  

Table 1 

Critical forces of composite panels of asymmetric structure in compression 

In Table 1, the values of Ny are determined by the obtained formula (10), and the values of Ny
(symm) 

consider only the terms related to the orthotropic structure without considering the mixed stiffnesses. 

With a detailed study of the results, in some cases the possible error of calculations for orthotropic panels 

exceeds 5%. 

Conclusions 

1. The obtained solutions of the problems of stability and determining the carrying capacity of 

cylindrical composite panels of asymmetric structure under compression in the transverse direction 

can be used in determining the stress-strain state under geometrically nonlinear behaviour of thin 

delaminations. 

2. The obtained results show the expediency of considering asymmetric structure for smooth panels 

even during static calculations, since the possible error of calculations according to the relations 

for orthotropic panels exceeds 5%. 
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Laying Ny
(exac),  kgf·mm-2 Ny

(symm), kgf·mm-2 Comparative 

coefficients 

45º/0º 70.09 71.53 0.98 

0º/90º 13.45 13.45 1.0 

45º/90º 11.85 13.6 0.87 

0º/45º/90º 11.52 11.72 0.98 

0º/90º/45º 20.85 17.38 1.2 

45º/0º/90º 24.75 27.11 0.91 
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